J. Fluid Mech. (1976), vol. 77, part 1, pp. 27-44 2%
Printed in Great Britain

Hydrodynamic interaction between gas bubbles in liquid
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A calculation is given of the velocity which a cloud of identical gas bubbles
acquires when the liquid in which the cloud isimmersed isimpulsively accelerated.
From the results an expression follows for the effective virtual mass of a bubble in
a gas-bubblefliquid mixture. Further consideration is given to that part of the
momentum flux in the mixture associated with relative motion between liquid
and bubbles. An expression for this quantity is derived which appears to differ
from the one used in practice. It is shown that qualitative support for the expres-
sion obtained here is provided by experimental observations reported in the
literature.

1. Introduction

When a body moves through an unbounded perfect fluid, the momentum of the
fluid is indeterminate. A useful quantity, however, is the impulse, which is equal
to the relative velocity between fluid and body multiplied by the virtual mass
of the body. Kelvin (see Lamb 1932, chap. 6)showed that in an unbounded fuid
the external force on the body equals the rate of change of the sum of the impulse
of the fluid and the momentum of the body. The dynamics of the relative motion
are governed by this relation. In the case of a spherical gas bubble moving
through a liquid, the momentum of the bubble is negligible compared with the
impulse of the liquid. The virtual mass of a sphere is $p7, where p is the density
of the liquid and 7 the volume of the sphere. If the liquid is linearly accelerated
with acceleration du/dt, the velocity v of the bubble then follows, according to
Kelvin’s results, from the relation

d, _du
gl—tgpr('u—u) =pT o (1.1)

The left-hand side is the rate of change of the impulse of the liquid, the right-
hand side the external force. When the liquid is viscous, a resistance term has to
be included on the right-hand side of (1.1). The resulting equation then provides
a realistic description of the relative motion as long as a boundary layer on the
bubble is either absent (no surface-active agents in the liquid) or does not
separate from the bubble (when the presence of surface-active agents leads to a
no-slip condition on the interface). Kelvin’s result holds only when the fluid is



28 L. van Wijngaarden

N 0
N . ¢ o Y
\ 0 o ©
o e <V>
\ 0 o
ey o o
N o o [
——— N O o
N g © o)
Uo : 4 [v] [s)
A - J
Y
Cloud of bubbles

Ficure 1. The liquid is accelerated from rest to a velocity U, by the piston.
As g result the bubbles in the cloud start to move with velocity {(v).

unbounded and is no longer applicable when other bodies are present in the fluid.
The reason for this is that the external force on the test body includes forces due
to the motion of these other bodies as well. In this paper we investigate the rela-
tive motion of spherical gas bubbles in a dilute gas-bubble/liquid mixture.
More specifically, we shall calculate the average velocity (v) of a cloud of identi-
cal spherical gas bubbles of radius ¢ when the liquid in which the cloud finds
itself is accelerated from rest to a velocity U,,.

We shall also consider the momentum flux in the mixture. The reason for doing
this is the following. As mentioned above, associated with the rectilinear motion
of a single sphere through a fluid is an impulse 3 p(v — ) 7. In a mixture containing
n bubbles per unit volume, there is a flow of impulse, per unit surface normal to
the flow, of magnitude }prnv(v—wu). In describing two-phase flows, various
writers have included the spatial rate of change of this term in the momentum
equation, identifying momentum with impulse. Because this cannot be justified,
it is desirable to know in what way, if any, the relative motion enters the expres-
gion for the momentum flux in the mixture. We consider the situation sketched
in figure 1. A cloud of IV spherical bubbles of radius a is dispersed randomly in
a volume ¥ in an infinite duct whose diameter is large compared with any
length scale associated with the bubbles. At ¢ = 0 the fluid far away from the
cloud is instantaneously accelerated, e.g. by a piston, to a velocity U, We
want to know the average of the velocities which the bubbles assume. We define

n=DN[V (1.2)
as the number density and a = §mna® (1.3)

as the concentration by volume of bubbles. We assume that o« is small with
respect to unity. Our analysis to find the average bubble velocity runs parallel,
in many respects, to that by Batchelor (1972) in calculating the sedimentation
speed of a cloud of heavy particles in a liquid.

We need to know (i) the velocity which a single bubble assumes when an
arbitrary velocity field is instantaneously generated in the ambient liquid and
(ii) the velocity which a pair of bubbles acquires when the ambient liquid is
impulsively accelerated. In the next two sections we consider these problems,
becanse they have not been considered in the literature. Voinov, Voinov &
Petrov (1973) investigated the hydrodynamic interaction between bodies in a
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perfect fluid. However, their analysis is restricted to bodies which are a large
distance apart. In the present problem it will emerge that it is the interactions
between bodies which are close to each other which are of primary importance.

2. The motion of a spherical bubble in an arbitrary potential flow

We consider a perfect fluid, at rest for times ¢ < 0, in which a spherical gas
bubble of radius @ is immersed. At ¢ = 0 a velocity field which has, in the absence
of the bubble, a potential ¢,, is instantaneously generated in the fluid. As a result
of the motion of the liquid the bubble will assume a velocity v, and the resultant
potential will be ¢, + ¢,. Since the bubble can be regarded as massless, the resul-
tant force exerted on the bubble by the liquid is zero at all times and therefore,
with pressure p and surface element d4,

=0,
f dtfpdA ~ o, 2.1)

£=0-.

where ¢ = 0z indicate times just before and just after ¢ = 0, respectively. By
using Bernoulli’s theorem it follows from (2.1) that

[@orenan-o. (2.2)

The meaning of (2.2) is that the impulsive forces on the sphere generated by the
original motion of the liquid and by the relative motion between liquid and
bubble are equal but opposite in sign. Apart from (2.2), the resulting potential
has also to satisfy the boundary condition

V(gg+¢). n=v.n (2.3)

on the sphere, n being a unit vector normal to the surface of the sphere. If v
were known, (2.3) would, for given ¢,, uniquely determine ¢,. However, v is
unknown and must be such as to satisfy (2.2). In solving this problem, two
properties of the potential flow around a sphere are of great assistance. The
first is that, for any harmonic function with singularities outside the sphere, the
surface and volume averages over the sphere are equal to the value of that
function at the centre of the sphere (see, for example, Kellog 1953, p. 223).
Thus, if the value of V@, at the centre of the sphere is denoted by (V¢,),, we have

f BodA = f Veodr = (Vdo)aT, (2.4)

7 being, as before, the volume of the sphere. The second useful property is given
by Weiss’s sphere theorem (Milne-Thomson 1968, p. 520). This states that, if in
an unbounded potential flow with potential ¢ a sphere is placed at r = 0 and
if the singularities of ¢ are all outside the sphere, the resulting potential is

afr
b3 [l BpbB 0008 (2.5)

where (R, w, 0) are spherical co-ordinates with origin at r = 0. We cannot apply
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Weiss’s theorem to ¢, because in the motion described by (2.5) the sphere is
kept, by external forces, at rest, whereas our spherical bubble moves as a result
of the impulsive forces associated with the generation of ¢,. We can apply
Weiss’s theorem, however, to that part of ¢, which produces no motion at the
centre of the sphere. Denoting (V@) by u, we write ¢, as

P = U.T + . (2.6)
Because f (u.r)dA = ur, we have, on account of (2.4),
féodA = 0. (2.7)

The response of the bubble to ¢, can be obtained from Weiss’s theorem (2.5),
whereas the response to the uniform flow with velocity u is well known: a
doublet of strength }a3(v —u) at the centre of the bubble. The potential ¢,+ ¢,
therefore becomes

_ ; (v—u)ad.r 1o 3 .

Do+ ¢ =U.T+ ¢, 5,3 ), R—aTEqSO(R,w,B)dR. (2.8)
This potential, while satisfying (2.3), must satisfy (2.2) as well. At r = a, the
last term on the right-hand side of (2.8) may be written as

950(“’ W, 0) - éf: éo(R, 0, (t)) di.

On account of (2.7) and because @, is regular inside the sphere the integral of
this expression over the surface of the sphere vanishes. We must choose v such
that, upon substitution of (2.8) into (2.2), the integral comprising the first and
third terms on the right-hand side of (2.8) is zero. As is easily verified, this isthe

case for v = 3u = 3(V4,),. (2.9)

We have in this way obtained the interesting result that a massless sphere
moves, in an impulsively generated flow, with three times the velocity that this
flow has at the location at ¢ = 0 of the centre of the sphere. For a uniform flow,
this follows immediately from (1.1). Note that the result expressed by (2.9) is
independent of the radius of the sphere.

3. The motion of a pair of spheres in a perfect liquid

In this section we deal with a pair of identical bubbles immersed in a liquid
which is instantaneously accelerated to a uniform velocity U,. We consider first
the configuration of figure 2, where the line of centres is aligned with U,

Let the unknown velocity of each of the spheres be v. If sphere B were alone
in the liquid the velocity distribution would be
Uya® 3U,.a°r

p +—75—r, r>a, (3.1)

u="U,—

r being measured with respect to the centre O, of B. This is the velocity field of
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U,

A B

Fiaurg 2. Two identical bubbles with their centres a distance s apart aligned with
the liquid velocity Ul,.

a sphere moving with velocity 3U, through a liquid with velocity U,. The
velocity at O, is u, = U,(1 +2a%/s%), (3.2)

where s is the distance between the centres. If sphere 4 were now placed in the
liquid and only the boundary condition on A4 satisfied the sphere would, according
to our previous result (2.9), move with velocity 3u;. However, the boundary
condition on B also has to be satisfied, which will give rise to an additional
velocity w induced at the centre of 4 by its image in B, whence

v = 3(u;+w). (3.3)
To find w we have to solve exactly the problem of finding the potential
¢=Uy.r+y (3.4)
under the conditions Vir.n=(v—U,).n (3.5)
on each of the spheres 4 and B and [ef. (2.2)]
f $dA = 0. (3.6)
4

The potential of the motion of two spheres in the direction of the line of centres
is treated in Lamb (1932, §98) by using the method of reflexions. The potential
is found as an infinite series but the computation of the coefficients is a matter
of great algebraic complexity. Recently Jeffrey (1973) used for two-sphere poten-
tial problems another method which he calls the method of twin spherical
expansions.

Dr Jeffrey pointed out to the author that the results of Jeffrey (1973) could
be used for the present problem and provided the author with the necessary
information not in Jeffrey (1973). In the appendix, by Dr Jeffrey, the most
important information is given. Jeffrey (1973) considers two spheres of heat
conductivity A, in a material of conductivity A,. In the absence of the spheres
the temperature field is 7' = G.r. In the presence of the spheres the temperature

field is written as T =G.t+y. (3.7)

For non-conducting spheres the boundary condition is

V¥.n=—-G.n (3.8)
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on each of the spheres. Upon introducing

¢, = ~(v=U,). T+, (3.9)

with the condition (3.5) on ¥, it is seen that our problem is formally the same as
this steady heat-conduction problem when we replace T' by ¢, and G by
— (v—="Uj). For the case of two spheres aligned with G, Jeffrey finds

i. f TdA =161, (f'f) (3.10)
A 8
with a 3 = a\?
L, (;) = 3% Ko (E) , (3.11)

i being the unit vector in the direction of the line of centres and 7 being the
volume of a sphere, as before. The coefficients Ky, follow (see appendix) from

Kopno = (= 1) 84y, (3.12)
. on $Hp—n—3) n+q
By = (=" g a1 (n+m) Emagn-gp 221 (313)
0 for n=1,
Oin = {1 for n= 1.} (3.14)

From (3.4), (3.6) and (3.9) it follows that the condition on ¢, is
i.f ¢, dA = —(v—Up) T - Uy, (3.15)
A

With ¢, = T and G = — (v—U,) we deduce from (3.10) and (3.15) that
(v—=Ty) + Uy = (v— ) Ly(afs). (3.16)
Making use of Ky = 1 and Ky, = K5 it follows that

Y(o—Ty) {1 + 3§3K01,, (g)p} -, (3.17)

The interaction between the two spheres may be expressed in terms of the
virtual mass. We write, in the spirit of (1.1),

d d
%m(v— UO) = a—t'pTUo.

Then the virtual mass is given by the quantity in braces in (3.17) multiplied by
4pr. Calculating a few coefficients K,,,, we obtain

R A N

The added mass is smaller than for a single bubble, for which afs = 0. The
physical explanation is that each bubble induces [see (3.2)] at the centre of the
other a velocity which is in the direction of U,. The accelerated liquid can there-
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fore bring the pair of bubbles to a larger velocity than it could a single bubble.
From (3.17) it follows that

® a\ P @ a\ P
v 3U0{1+ 5 Kmp(—) }/{1+3 s Kmp(—) } (3.19)
p=3 $ p=3 S

The velocity w induced in the centre of 4 by its image in B is given, using (3.2),
(3.3), (3.19) and K3 = — 1, by

w = 2U, F\(a/s), (3.20)
where

(3.21)

o N a\?
o p§6 {Koip + 3K 15—} {g}
1 = - 5 Ta\p
1+3 3 AOlp(_)
p=3 $

Next we consider the situation of figure 3, where the line connecting 0, to O,
is at right angles to U,. In this case the velocity at O, in the presence of sphere
B but without sphere 4 is

u;, = Uy(1 —a?fs3), (3.22)

the induced velocity being directed against U;. The corresponding configuration
in the steady heat-conduction problem considered by Jeffrey leads here to

i .deA = 1GLy(afs), {3.23)
where j is a unit vector in the direction normal to the line of centres and
a 3 = a\?
=-2+% z
L, (s) 5.5, Kup(s) . (3.24)

In the same way as for the aligned case we can deduce from this that in our two-
sphere situation

3v— UO){l -3 EZ Km,(g)p} = U, (3.25)

p= $

The added mass in the situation of figure 3 is therefore
o a\?
m = %p‘r{l -3 E -Kllp(_) }, (326)
p=3 S

or, upon calculation of a few coefficients,

3(a\? 3/[a\® a\® 3 /[a\?
=1 212} +2(2 2y 2=
m = 2,07{1—%—2(8) +4(s) +3(s) +4(s) +} (3.27)
In this case the virtual mass of each sphere in the pair is larger than that of a
single sphere because the velocity induced in the centre of one sphere by the

other sphere is, as follows from (3.22), opposed to U,. From (3.25) we have in
the configuration of figure 3

(3.28)

3 FLM 77
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B

Ficure 3. Two identical bubbles with their line of centres normal to the flow.

and hence, using (3.3) and (3.22),
w = U, Fy(a/s), (3.29)

where

2(a) = és{zK“p o) {%}p (3.30)

ot _ —
1-3 X Kllp(—)
»=3 §

8

4, Calculation of (v)

With the results of §§2 and 3 at hand we are now in a position to calculate the
average velocity (v) which the bubbles in the cloud of figure 1 attain upon
acceleration of the liquid to a velocity U,. We borrow some of the notation in
Batchelor (1972) and introduce P(Cy) as the probability distribution of a con-
figuration of N bubbles and P(Cy|r,) as the conditional probability distribution,
i.e. the probability distribution if there is a bubble at r,. The quantity {(v) is
the average of the velocity v(r,, Cy) over all possible configurations of the N
bubbles in the volume V. When P(Cy) and P(Cy | r,) are normalized such that

1 1
| Pewacy = 5 [Peyirgacy = 1 (4.1)

{v) is given by ) = jvl—,fv(rmON)P(CN | £,) dCy. (4.2)

If we take the test bubble at r, out of the mixture and consider the velocity
u(r,, Cy) in the mixture, we know from the result (2.9) that, upon being placed
in the liquid, the test bubble would move with velocity 3u(r,, Cy) if only the
boundary condition on the test bubble itself were to be satisfied. The boundary
conditions on all other bubbles also have to be satisfied however. The images
of the test bubble in the other bubbles induce an additional velocity w at r,

whence V(o Cy) = 3{u(ry, Cy) + W(re, Cy)}
= 3U,+ 3{u(ry, Cy) — Uy} + 3w(r,, Cy). (4.3)
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Inserting this into (4.2) and using (4.1) gives
3
(v) =3U,+ mf[{u(rO’ Cy) = Ug} +w(r, Oy)] P(Cy | Tg) dCy. (4.4)

To obtain a first approximation to (v) in terms of the small quantity «, it is
sufficient to (Batchelor 1972) consider the interaction of the test bubble with
only one other bubble in each configuration, provided the relevant integrands
fall off with distance r from r, more rapidly than »—3. The velocity u at rj as a
result of a bubble at ry+ris given by (3.1) and from that relation it follows that
this velocity minus Uy, u(r,, ro+r)— U,, behaves at large distance like r—3,
making the reduction to interaction of the test bubble with just one other bubble
impossible, because this leads to an integral which is not absolutely convergent.
On the other hand the velocity w(r,, ry+r) induced at the centre r; of the test
bubble byits image in one other bubble with centre at ry+ r behaves [from(3.20),
(3.21), (3.29) and (3.30)] like %, so that with regard to w reduction to inter-
action with one other bubble is justified. To overcome the difficulty with the not
absolutely convergent integral we use the technique dué to Batchelor (1972;
see also Batchelor 1974). In the present case this consists of observing that,
since the volume flow is U,, we have, using (4.1),

jvl_!f{u(ro’ On) = U} P(Cy)dCy = 0, (4.5)

where it should be recalled that u(r,, Cy) is the velocity in the suspension at r,.
Note that u(ry, Cy) is multiplied in (4.5) by the ordinary probability distribution
and in (4.4) by the conditional probability distribution. The point of Batchelor’s
technique now is to subtract (4.5) from (4.4) to obtain

V) = 80,4 f {u(ro, COy) = UH{P(Cy | 1) = P(Cy)} dCy

+ﬁ3ifw(ro, Cy) P(Cy l o) dCy. (4.6)

In the absence of any long-range order in the mixture we have for large r
P(Cy|ry) = P(Cy), and this removes the difficulty with the integral because now
P(Cy | 1ro) — P(Cy) tends to zero for large r. Both integrals in (4.6) may now be
reduced to two-bubble interactions and we have to specify P(r,+r), the pro-
bability of finding a bubble centre at ry+r, and P(r,+r|r,), the probability
of finding a bubble centre at ry+r given that there is one at r,. We shall assume
that for ¢ < 0 the bubbles are completely randomly distributed in the volume V.
Since the distance between the two bubblesin a pair of bubbles remains unchanged
as a result of the acceleration, this distribution is preserved at ¢ = 0;. Note that
this is not so when we deal with bubbles of different sizes because then there is
a relative velocity in each pair of bubbles which produces changes in the pro-
bability distribution. In that case it is necessary to investigate whether the
system of N bubbles evolves towards a new steady probability distribution.
3-2
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Clouds with bubbles of different sizes will not be considered here. For a com-
pletely random distribution
0 for 7 < 2a,
P(ry+r|r,) :{
n for r>a, (4.7)
P(ry+r)y=n forallr.

Reducing now the right-hand side of (4.6) to two-bubble interactions, the first
integral in the right-hand side becomes

Il=3f{u ry, Ty +1)— U {P(r,+r | 1,)— P(r,+ 1)} dr

= — 3nf {u(ry, ry+r)—Uy}dr. (4.8)
r<2a

To carry out the remaining integration we interchange the roles of the bubbles
and consider u(ry+r,r,), i.e. the velocity at ry+r when there is a bubble at
r,. For r < a, u(ry+r,r,)—U, is 2U,, whereas in the region a < r < 2a, u is
given by (3.1). Evaluating the integral in (4.8) using these expressions gives

b4 3
I, - —3nf 2U0dr—3nf (_UO“ 3Uo @ rr) dr.
£ a<r<ia rs

73

~

The first term equals — 6 U, while the second integral is zero, whence
I, = —6aU,. (4.9)

The second integral in the right-hand side of (4.6) is, after reduction to inter-
action between two bubbles,

I, = 3fw(r0, ro+r)P(ro+r|ry)dr = 3nf w(ry,+r,r,)dr.

r>2a

The velocity w(r,+r,r,) was calculated in §3 for the two independent con-
figurations which a pair of bubbles may have with respect to U, In order to
find w for an arbitrary orientation of r with respect to U, we write U, as

U,.r U,.r
UO - :2 (UO 7' ).

When the line joining the centres is parallel to U,, w is given by (3.20) and
(3.21), while when it is perpendicular to U,, w is given by (3.29) and (3.30).
We have for an arbitrary configuration, therefore,

{2U, r}F a/r {Uorz—(U0 r)
r2

W(ry+1,Ty) =

Jj Fyafr).

We integrate first over the surface of a sphere with radius 7. Using spherical
polar co-ordinates, we get

— f 2w sin 0d0 = Sar{F,(afr) + Fya/r)} U,
0
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The integration over r from 2a to co has to be carried out numerically using
(3.21) for Fi(afr) and (3.30) for Fy(a/r). The result is

o %
I, = 3nf w'dr = 60cU0f 274 F\(z) + Fy(z)} dz.
2a 0

This integral was computed by the author’s associate G. J. de Bruin. He carried
out the integration with the upper bound in the infinite series in (3.21) and
(3.30) ranging from p = 6 to p = 40, and obtained for the value of the integral
0-0744, correct to the fourth decimal place. Hence

I, = 0-4464aU,. (4.10)

Taking together the results (4.9) and (4.20) we obtain for (v), which is the sum
of 3U,, I, and I,

(v = 83U (1 — 20+ 0-15a) = 3U,(1 — 1-85a), (4.11)

correct to two decimal places. This result can be interpreted as follows. In the
absence of bubbles the velocity of the liquid is U,. If one bubble were present in
the liquid this would attain the velocity 3U,, on the basis of (2.9). Hence to the
zeroth approximation in & each bubble moves with velocity 3U,. The resulting
volume flow of bubbles is 3U,a. Since the volume occupied by the liquid is
1 —a the average liguid velocity is Uy(1 —2a) to maintain a volume flow of U,.
If (2.9) held for a test bubble the average bubble velocity would be 3U (1 —2a),
which is 3U;+1,. However, the average bubble velocity is not quite three times
the average liquid velocity. The difference is the average of 3w, which is given
by I,.

The result (4.14) may also be converted to an effective virtual mass. We write
for a bubble in a suspension of concentration «

m = {pr(1+ka) + O(a?).
Denoting (v) by V we write in analogy with (1.1) and replacing 1p7 by m,

d[m(V —=U,)l/dt = prdU,/dt, (4.12)
which gives V = 3Uy(1 —%k&a) + O(a?).
Equating the right-hand side to that of (4.11) gives £ = 2-78x and hence

m = 3p1(1+2-78a) + O(a?). (4.13)

An estimate of the effect on m of & was made by Zuber (1964). He used the result
of the following problem. A sphere of radius a is located in the centre of another
sphere with radius b > a, filled with liquid. The latter is accelerated from rest to a
velocity U. What is the velocity attained by the sphere with radius a? This
problem is dealt with in many textbooks, e.g. Milne-Thomson (1968, p. 523).
Zuber (1964) took for the radius b

b = (3/4mn)},

i.e. the average distance between spheres in a mixture with number density of
spheres n. Then he obtained to order a?

m = 3pr(1+ 3a) (4.14)
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as an estimate for m in a mixture of void fraction «. At first sight it seems surpris-
ing that this crude simplification of the real situation provides an estimate
which, as follows from comparison with (4.13), is not far from the correct answer.
On closer examination it becomes clear why this is the case. The term propor-
tional to « in (4.13) stems from the displacement, the integral I,, and from the
contribution of w, the integral I,. They have a ratio of about 13. The first effect
has to do with conservation of volume and is independent of the particular
geometry of the boundaries of the flow. By his particular choice of b, Zuber
(1964) obtains this contribution correctly. The contribution of w vanishes in
his configuration because of symmetry. The symmetry is distorted when the
sphere with radius @ is not in the centre of the liquid-filled sphere. So the contri-
bution of I, is absent in Zuber’s estimate, but since its magnitude is small
compared with that of I;, his result (4.14) is close to the correct one.

The result (4.13) was calculated for the situation of figure 1, in which there is
a cloud of bubbles immersed in pure liquid. In practice one is often concerned
with a homogeneous mixture with uniformly dispersed bubbles. Such a mixture
has, for small «, a density p(1 —a) and an equation of motion

p(1—a)dUjjdt = —Vp, (4.13)
where U, denotes the liquid velocity. Let the average bubble velocity be V.
The volume flow is (1—a) U+ aV. (4.16)

When the mixture is accelerated, for example by the passage of a pressure wave,
the relative velocity may, in the absence of viscosity, be calculated from

d[m(V = U))jdt =p (1 —a)7dU/Jdt, (4.17)
where m is given by (4.13).

5. Calculation of momentum flux; comparison with experimental
observation

The result (4.13) suggests an increase with a of the apparent virtual mass and
it would be interesting to know if something like this has been observed in
practice. The author is not aware of measurements which would enable a direct
check on the relation (4.13). However Prins (1974) reported a series of interesting
experimental results which have a bearing on the present work. In describing theo-
retically the momentum flux in a liquid/bubble mixture Prins included a term
mnV(V —U), where the symbols are those used in the preceding section. This
amounts to counting the flux of impulse associated with the motion of the bubbles
as momentum of the mixture. With

mn = paB(a), (5.1)
Prins (1974) wrote for the momentum equation of the steady flow of a bubbly

liquid through a converging tube with cross-section 4(x)

d d d
p-{(1—) AUB+p— (Bad V(V - Upy = — 4 £~—aw0——A(1—-a)pg. (5.2)
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experiments in different test facilities.

Here o, is the wall shear stress, O the circumference of the cross-section 4, g the
acceleration due to gravity and p the pressure in the mixture.

Next he carried out experiments in which p(x) and «(x) were measured along
the converging section of the tube. As a theoretical model, (5.2) together with
other conservation equations and an equation like (1.1) were used, allowance
being made in the latter for a friction force with drag coefficient Cj,. Using
independently obtained values for ¢, and Cj,, numerical solution of these equa-
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tions, combined with the measured values of p(x) and a(x), permitted determina-
tion of B as a function of « (for details the reader is referred to the original report).
From (5.1) it follows that B(a) = m/p7, so that according to our results (4.19)

B(a) = 4(1+2-78a). (5.3)

Figure 4, taken from Prins (1974), shows the results he obtained in the manner
described above. There is a striking discrepancy between the qualitative be-
haviour of B in this figure, where it rapidly decreases with «, and our result
(5.3), which predicts an increase of the virtual mass with «. Of course, in a real
mixture the bubbles are not all of the same size nor are they perfectly spherical,
but it becomes obvious from inspecting the various contributions to B(x) in
(5.3) that the analysis would always show an increase of m with a, the numerical
value 2-78 in (5.3) presumably taking a different value for a real mixture. This
casts doubts on the validity of the second term on the left-hand side of (5.2),
the relative-motion term. To settle this we calculate the flux of momentum in
the mixture for a given «, a given gas velocity V and a given liquid velocity Tj.
The volume flow is denoted by U, as before:

(1—a)U+aV =T, (5.4)

Since we may, for small o, neglect the contribution of the gas to the momentum
flux, we want to know the momentum flux in the liquid only. To this end we
introduce a function F(r,, Cy) which is unity when r, is in the liquid and zero
when r; is in a bubble. Such a function has been used before in the analysis of
suspensions (see, for example, Lundgren 1972) and is defined as

N
F(r,,Cy) = 1_15'1 H(a—|ry—r1,)}, (5.5)
where H is Heaviside’s unit step function. With this definition of ¥
1
71| €00 PG dCy = 1 - (5.6)
The momentum flux in the liquid is given by

M= %fﬁ’(ro, Cy)u(ry, Cy)u(ry, Cy) P(Cy) dCy. (5.7)

i

Upon multiplication of the dyadic M in (5.7) by the unit vector i in the direction

of U,, we obtain the average momentum flux in that direction. The contribution

of (u.1)? to the right-hand side of (5.7) is the only one which survives after averag-

ing, whence

M= % f F(x,,Cy) (u.i)2 P(Cy) dC,,. (5.8)

We write u(r,, Cy), the local velocity in the liquid or in a bubble, as
u="U,+u,

and insert this into (5.8). Because

1 | P 0w (10, C0) PO 40y = (1-2) G=T) = =V~ Th)
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and because of (5.6) we obtain
M = U1 —a)—20Uy(V -TU,)+ %fF(ro, Oy){u'.i}2P(Cy) dCy.  (5.9)

The integral in (5.9) can be reduced to averaging over one bubble in each con-
figuration. With a bubble of velocity V, and when there is only one bubble in
each configuration, u’ is given by

, o (V=Ugya® (V-Uyad.r
e 3 2r0 o
or in spherical polar co-ordinates

' s (V-0p) (a3 3a2coszﬂ)
. —), r>a,

= = (5.10)

The square (u’.1)? therefore decreases as ¢ and this is rapidly enough to permit
averaging over one bubble in each configuration. The integral in (5.9) therefore
reduces, using (5.5), to

f {u'(rg,ry+r).i}2 P(ry+r)dr
O<r<ow
—f {u'(ry,ry+r).i}2H(a—r) P(ry+r)dr
0<r<ew

= nf {u’(rg, ry+r).ij2dr.
r>a
Inserting (5.10), we obtain

_ 2 ffo T 3 3 2 2
1‘_(%%)—]“ drfo 2m2{(3) _M} sin 6d6 = 3oV -T2 (5.11)

7 3
From this result we find
Mlp = (1—a)Ut—=2aU\(V —U,) + (V- T,)2. (5.12)

For practical purposes the liquid velocity is more convenient than U,. Frem (5.4)
and (5.12) we finally obtain, neglecting terms of order a2,

Mlp = U1 —a)+ (V- U))> (5.13)
Prins (1974) and others use the expression [ef. (5.2)]
Mlp = U¥(1—a)+aBV(V-TU). (5.14)

The result (5.13) of our analysis suggests that the second term on the right-hand
side of (5.14) should be proportional to a(V —U,)2. If this were written as in
(5.14), we should need for agreement

B(e) ~ (V=-T)[V. (5.15)

If a mixture is accelerated from rest we may use (4.17) for the relative velocity.
When in addition m increases with «, represented by

m = Lpr(l+ka), « >0,
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then the expression (5.15) for B(x) behaves as

B(x) ~1—-3(1+«)a, (5.16)

which shows a decrease in B(x) with «, as observed by Prins (figure 4). The
constant « in (5.16) should be much larger than « = 2-78, the value corresponding
to (4.13), in order to obtain quantitative agreement with Prins’ results. However
a momentum flux mnV(V —U}) cannot be made to agree with Prins’ results
because we found that the effective virtual mass increases with «. A flux, as
calculated here [see (5.13)], explains Prins’ result qualitatively.

6. Conclusion

Itis shown that a cloud of gas bubbles immersed in an accelerated liquid attains
as a result of hydrodynamic interaction a velocity which is less than that which
a single bubble would attain. This result may be interpreted as corresponding to
an increase in the virtual mass. An expression for the momentum flux is derived
by statistical averaging. This appears to differ from the one previously used in
the literature. The expression obtained here, together with the result on virtual
mass, explains qualitatively the observed behaviour of the contribution to the
momentum flux of relative motion between bubbles and liquid.

This work was partly done while the author held a Fairchild Scholarship at
the California Institute of Technology at Pasadena. He wishes to thank Caltech
and in particular Prof. M. S. Plesset for the arrangement of that Scholarship.
Thanks are due to Prof. G. K. Batchelor and Prof. T. Y. Wu for some useful dis-
cussions. The author feels indebted to Dr D. J. Jeffrey for his helpful corres-
pondence, in particular regarding the two-sphere problem.

Appendix. The details of the solution of the two-sphere problem

By D.J. JEFFREY

Department of Applied Mathematics and Theoretical Physies,

University of Cambridge
Equation numbers quoted from Jeffrey (1973) will be prefixed with J to distin-
guish them from those of the present paper. As pointed out in the main paper,
the solution to the heat-conduction problem given in Jeffrey (1973) is needed
only in the limit of non-conducting spheres, and so the parameters « and g,
defined in (J3.2) can be set equal to 0 and —n/(rn+ 1) and removed from the
equations. If the applied field G is written G4i+G,j, where i and j are unit
vectors parallel and perpendicular to the line of centres, then the solution out-
side the spheres is (J5.2):

a n

1 @ +1 a n+l
7-Gx+ 3 % Guloi(2)" Poicostn) +oih () Phcosty cosmg,
m=0 n=m " P (A 1)
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where the co-ordinates are given in figure 2 and the ¢{!}, and ¢, are coefficients
to be determined. Application of the boundary condition &7'/én = 0 gives

1 . © n_}_q w a\ e+l oo

where the R used in (J5.5) has been replaced by s for consistency with the main
paper. Solving (A 2) for g9, is now the main difficulty and several methods for
this have been proposed (Ross 1970). Here each coefficient is expressed as a
series in afs. Using symmetry to replace the ¢\, by

O pn = g;’lll)‘ﬂ = ('— l)m—l g;?z)na (A 3)
one writes the solution as
1 = a\?
Imn = Q E Amnp (“) s (A 4)
p=0 s

and calculates the coefficients K, by substituting (A 4)into (A 2) and equating

mnp
coefficients of powers of a/s. Thus (A 2) becomes

1\1 =2 . a\? & (n+g\1l 2 a\ntopta+l
— Juiy s - Ay _ — 1\ym-1 -
(143) 5,5 5o (5) + 2, (20) 5,5, -0 e )

g=m p=0
= (" 1)(m—1) aln’
giVing Kmno = ("‘ l)m aln (A 5)
me1y. $p—n—3) n+q\ ,-
and Kmnp = (= 1) l)n+ 1 q§1 (n+m) Amq{p_q_n_l)’ p>1 (4.6)

The calculation for sphere 4 of
S = andA = ichosBldA +jfTsin01 cospdA
proceeds by using (J5.3) and (A 3) to rewrite (A 1) as

1 L a\n+l
T=Gx+ Y% X aGmgmn( ) P72 (cos 0,) cosmg

=0n=m "1

+1
(—1)™1a@,g,.. (g)n 3 ( n+ q) (ﬁ)q P (cos 0,) cos mep.

o
s g=m \g+m/ \8

3

bMs

1
+ X
m=0n

I

m

This expression for 7' can now be substituted into the definition of S and the
integration done simply by using the orthogonality of spherical harmonics. The

result is
& a\"*? (n+1
5 z
2 oo () ("))

S =7G +ir {Gogm—
. 2 a\"*2 (n+1
+I7 {G1911+ 2 G191 (") ( ):
n=1 § 2

The two summations can be removed using (A 2), the expression for S then
becoming
S = 37Gyige, ~ 37G1 jg11-
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Finally, substituting the solution (A 4) gives the expression for S as

.32 a\? i a\?
S = TGOI'z‘pZOKolp (g) —7G4j §p§0 Kyip (_) .

8

The results for S are quoted in the main paper as (3.10) and (3.23) and the
recurrence relations (A 5) and (A 6) as (3.12) and (3.13). The method just des-
cribed gives the value of S as a series in a/s, just as the method of reflexions does;
the advantage of this method is that the recurrence relations (A 5) and (A 6)
enable any number of terms in the series to be calculated rapidly, something not
possible using reflexions.
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